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Lecture 27 : Hilbert Spaces #

Last time...

Hildert space I = Vector spence with inverproduct ,
containingall convergent sams.

* collection of Ortho normal vectors [v] is an
erthonor-al

basic of 22 if it satisfies any
oftheseequivalent) conditionsi

& Ut = 903 ,
Ut= [ve2 : <Vim=0 for all m] & will enpack

② f =[ ,Lum for any few
today

&11f /12 : [KUr , f) 1?
·

= R

sexamples :
·eC with dot product on timen

· 12(2) with "Lot product" -
din : D

&

(v
,
w] = [VTR) w(R)

k=-y

· Se(2) : S(u) :[j
· [S : Kadkez] instan ob ,

since Seht

· [Sp : Rez] is on out .
Take an fel (2) .Then

-

↓: [f(r)S ,

( ... ,

f(-1)
,

f(0)
,
f(l)

,
..) = . .. S

,
f ()+Sf(x)+S,

f()+
..



· LE(ETT,2) with inner product

(f
, g)=f

*

F(x)g(x)6x
-I

· EEsi :REN
taonise

· Geitt : Rez] an and

·D in end definition gives the

exponential Fourier series:
if feLET+])

,

-

f =Cei ei
Not .We often think of these Fourier coefficients

as

F(K) := Lein* , th

= S
* evikx f(x)dx

- T

·B is often called Peral'sTheorem*:

1) fll2=KeikfR
"The infinite-dimensional Pythagorean Theorem

"

/

*More incoming
!



· [ISUSEsickx : REN3 UCEcoslex : keN3 is an 06.

#ofe : there are many conventions for this , usually
stemming from

different inver products .

Compare :
List VS

Co ,br

,= =
1 normalized

7) Den = SpLx = 2 not normalized y
,

butI is
normalized.

E

↳Just check the normalization .

·
It does not change much to

rescale the iner

product on LEETT , it]) .

Pick

< + , 97 := f
*

Englbx
- T

· [JVSoskx : keN] UEsinkx : keN] is an and!

·② gives the trigonometric Fourier Series .

-

=chicken s



· B is Parseval's Theorem :

1IfIl = (1+sinkx

= 10 lak +I
-

* A subtlety...
What do we actually mean when we wite

kx > Corony other
f=Re

/

on6)

· If feL(ET]) then the Forier partial says

Su(x)=keikxhfez i
converges in

to f
, meaning aka meansamea

lim (If(x) - Su(x)() = 0 .

T convergense,

in energy .
---

N +X

· So : they are equal as (2/ET , iT]) functions
·

This can be different from pointwise convergense ,

where f = pointwise if

f(x) =F(x) for all xxET
, i)



Ex: f ,
FEL"(Ett+).

·f(x) = X, fie
-ππ

X+0 ·F(x) = 2 Y X = 0
F
:
- π

Different functions
,

but the same in
%

:

I-E=-E. F- T
invisible to

= 8 integral !

[Inany Hilbert space ,
n = w ifand only if lluvl =0.

=> f = F as 12 function

This subtlety is still present when we

consider Fourier series
.

(Later : Gibbs phenominent
-

There is another
way

to think about Fourier Series
.

Recall : abjoint .

It N :2 - Hy is a line map,
I

then * H2-21 , is the lineor map

(f
, Ag) = (Atf , 9) for all ged ,

f -H-



· A unitary map
is one where

-

u
+

U = 1 the identity opentan

nut =1
aka V isFundaneful property : if f , get, an

isometry
F iso-same

(Uf
, Ug] = <f , utug) = <f , g) metry = measure

Special case :

(+) IUf/ = <Uf ,Uf) = (f .

f) : /IfIl ?
Now : let U : LEEtt]) - 12(2)
fr

then (A) is

-

1) - Il2 = Infll2 = 15112

PerTh) .

The the mpU() = -
is unitary :

g()=
1) 11

> f
,9)= <5 , ger()



Unitaries are special change of bases ...

so
what operature are-e diagonalizing?

Derivative operators !


